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ABSTRACT
We obtain explicit time dependent brane solutions in M-theory as well
as in string theory by solving the reduced equations of motion (which
follow, as in [1], from 11-d supergravity) for a class of brane solutions in
curved backgrounds. The behaviour of our solutions in both asymptotic
and near-horizon limits are studied. It is shown that our time dependent
solutions serve as explicit examples of branes in singular, cosmological
backgrounds. In some special cases the asymptotic and the boundary
AdS solutions can be identified as Milne × Rn spacetime.
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1 Introduction
Branes in curved backgrounds are well-studied objects in string theory, M theory,
and also in studies of four and five dimensional black holes. They provide insight into
gauge-gravity correspondence, can be regarded as excitations about some general
curved background and can be used to identify the non-perturbative states of strings
in lower dimensions in different compactification schemes [2–22]. Such branes also
figure in brane-world like scenarios where the universe is looked upon as a brane in
a higher dimensional spacetime ( [23], [10] and references therein). In particular, the
study of time dependent backgrounds in the framework of string theory has attracted
considerable attention for some time now, although the understanding reached so far
is far from satisfactory. However, notwithstanding the very many challenges that
beset the task, it is important that the subject be pursued vigorously for the obvi-
ous dividends it is likely to pay, such as - an understanding of time as an emergent
phenomenon, a deeper insight into cosmological and black hole singularities, a real-
ization of dS/CFT correspondence, a much-desired contact with experiment through
observational cosmology, and the list goes on [24]. Thus, motivated by a desire to
understand such interesting objects and backgrounds better, we study in this pa-
per branes in various curved backgrounds. To that end, we develop a class of time
dependent backgrounds and branes embedded therein, in eleven dimensional super-
gravity as well as in type-II string theories. This is done by a Wick rotation of the
general configuration presented in [1]. Wick rotation may at times lead to complex
solutions; however, we are able to avoid such a situation due to the particular form
of the reduced equations of motion obtained from eleven dimensional supergravity.
The reduced equations of motion can be matched with dilaton-gravity equations in
two dimensions derived from a certain two dimensional dilaton gravity action with
a zero cosmological constant. Because of this rather specific correspondence to 2-d
gravity, the equations happen to be completely integrable. We then solve one of the
reduced equations of motion to obtain our time dependent solutions. The solutions
so developed are then examined in their asymptotic and near-horizon limits and are
also used to generate other solutions in type II theories.
The paper is organized as follows. In section 2, we review the exact, flat mem-
brane, solution of the supergravity field equations and its extension to a class of curved
membrane solutions. The reduced equations of motion are also presented for use in
later sections. In section 3 we analytically continue the curved membrane solution
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of the previous section and, then, we go on to solve the reduced equations of mo-
tion to obtain time dependent branes in eleven dimensional supergravity. The brane
solutions so obtained are then reduced to string solutions in type-IIA theory by a
dimensional reduction along a worldvolume direction. Other brane solutions, such as
a D3 brane, are then obtained by a succession of S and T-duality transformations in
type-II theories. The asymptotic and the near-horizon geometries of all the solutions
are also looked into and connection with AdSn × S(d+1−n), (n = 4, 5; d = 10, 9) or
Milne ×Rp background is established. We end this section by giving, as an aside, a
static, space dependent solution developed analogously to its time dependent counter-
part. Finally, section 4 summarizes our results and mentions some possible extensions
of our work.
2 Review of a class of static, curved membrane
solutions
As a preamble to our work, we quickly review the flat membrane solution of the
supergravity field equations [4] and its extension to a class of curved membrane solu-
tions [1]. Following [4] we proceed by making an ansatz for the D = 11 gauge fields
gMN and AMNP (M,N = 0, 1, . . . , 10) in conformity with the most general three-eight
split invariant under P3 × SO(8) where P3 and SO(8) are the D = 3 Poincare group
and the D = 8 rotation group respectively. The D = 11 coordinates are also split as
: xM = (xµ, ym), where µ = 0, 1, 2 and m = 3, . . . , 10.
The metric is :
ds2 = e2A˜ ηµν dx
µdxν + e2B˜ δmn dy
mdyn, (1)
and the three-form gauge field is :
Aµνρ = ± 13g ǫµνρ e
c˜, (2)
where 3g is the determinant of gµν and ǫµνρ is the three dimensional Levi-civita tensor.
All other components of AMNP and all components of the gravitino ψM are set to
zero. Invariance under P3× SO(8) demands that the arbitrary functions A˜, B˜ and C˜
depend on ym only through r =
√
(ym)2.
If now we require the field configurations (1) and (2) to preserve some unbroken
supersymmetry, then there must exist Killing spinors ǫ satisfying
D˜Mǫ = 0, (3)
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where
D˜M = ∂M +
1
4
ωM
AB ΓAB − 1
288
(ΓPQRSM + 8Γ
PQRδSM)FPQRS, (4)
with FMNPQ = 4 ∂[MANPQ]. Here ωM
AB are the spin connections and ΓA are the
D = 11 Dirac matrices satisfying {ΓA,ΓB} = 2ηAB. A,B refer to D = 11 tangent
space, ηAB = diag(−,+, . . . ,+) and ΓAB...C = Γ[AΓB . . .ΓC]. We then make a three-
eight split: ΓA = (γα⊗ Γ9, I ⊗Σa), where γα and Σa are the D = 3 and D = 8 Dirac
matrices respectively and Γ9 = Σ3 . . .Σ10.
The most general spinor field consistent with P3 × SO(8) assumes the form
ǫ(x, y) = ǫ⊗ η(r),
where ǫ is a constant spinor of SO(1, 2) and η is an SO(8) spinor. Further calculation
shows that eq. (3) admits two non-trivial solutions (1± Γ9) η = 0, where the ± signs
correspond to those in eq. (2),
η = e−
C˜
6 η0,
where η0 is a constant spinor, and
A˜ =
1
3
C˜,
B˜ = −1
6
C˜ + const.
In each solution of (3), one half of the maximal poissible rigid supersymmetry survives.
Thus we have seen that the requirement of some unbroken supersymmetry ( here, half
) reduces the arbitrary functions to one, namely, C˜. It now remains to determine C˜.
To that end, we substitute the ansatz (eqs. 1, 2) into the field equations which follow
from the action
SG =
∫
d11xLG, (5)
where LG is the supergravity lagrangian whose bosonic sector is given by
κ2 LG = 1
2
√−g R− 1
96
√−g FMNPQ FMNPQ
+
1
2(12)4
ǫMNOPQRSTUVW FMNOP FQRST AUVW . (6)
The three form field equation is given by
∂M (
√−g FMUVW ) + 1
1152
ǫUVWMNOPQRST FMNOP FQRST = 0. (7)
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The substitution yields δmn ∂m∂n e
−C˜ = 0. On imposing the boundary condition that
the metric be asymptotically Minkowskian, one gets e−C˜ = 1+ K
r6
, r > 0, where K is
a constant. Thus we get,
ds2 = (1 +
K
r6
)−
2
3 ηµν dx
µdxν + (1 +
K
r6
)
1
3 δmn dy
mdyn,
Aµνρ = ± 13g ǫµνρ (1 +
K
r6
)−1. (8)
The above expressions blow up at r = 0 ; hence they are solutions to the field
equations everywhere except at that point. To remedy the situation, we modify the
supergravity action by adding a source term at r = 0. The combined supergravity
and membrane equations follow from the action
S = SG + SM , (9)
where
SM = T
∫
d3ξ(−1
2
√−γ γij∂iXM∂jXNgMN+1
2
√−γ± 1
3!
ǫijk ∂iX
M∂jX
N∂kX
PAMNP ),
(10)
where T is the membrane tension. The Einstein equations are now
RMN − 1
2
gMNR = κ
2TMN , (11)
where,
κ2TMN =
1
12
(FMPQR F
PQR
N −
1
8
gMNFPQRS F
PQRS)
−κ2T
∫
d3ξ
√−γ γij ∂iXM ∂jXN δ
11(x−X)√−g , (12)
while the three form equation is:
∂M (
√−g FMUVW ) + 1
1152
ǫUVWMNOPQRSTFMNOP FQRST =
±2κ2T
∫
d3ξ ǫijk ∂iX
U∂jX
V ∂kX
W δ11(x−X). (13)
In addition, we have the membrane field equations:
∂i (
√−γ γij ∂jXNgMN) +
1
2
√−γ γij ∂iXN∂jXP∂MgNP ± 1
3!
ǫijk ∂iX
N∂jX
P∂kX
QFMNPQ = 0, (14)
4
γij = ∂iX
M∂jX
NgMN . (15)
It is easy to verify that the correct source term is obtained by the the static gauge
choice Xµ = ξµ and Y m =const, provided K = κ
2T
3Ω7
where Ω7 is the volume of S
7.
Inspired by the results of [4] , Bhattacharya et al give in [1] a class of curved
membrane solutions using an ansatz which is a variation of the one in [4]. The new
ansatz is
ds2 = e2A[−(dx0)2 +
√
f (dxa)2] + e2B(dym)2,
and Aµνρ = ± 13g ǫµνρ e
C ,
with e2A = e2A˜F e, e2B = e2B˜gb, eC = eC˜χc, r6 = hdr˜6,
r˜ =
√
(ym)2. (16)
A˜, B˜, C˜ are functions of r and F, g, χ, f, h are functions of xa. Here A˜, B˜, C˜ are related
as before viz.,A˜ = 1
3
C˜, B˜ = −1
6
C˜+ const.
Here, the presence of the conformal factor f , which depends purely on the spa-
tial directions x1,2, introduces a non-vanishing curvature on the worldvolume of the
membrane. In this context, coming to the question of preservation of supersymmetry,
we notice that although for specific choices of h and f it is possible to retain some
supersymmetry ( 1/2 or, 1/4 SUSY, for example ), for a generic choice of these factors
supersymmetry is completely broken. To discuss these solutions in more detail we
observe that, as before, the three-form field eq. (13) leads to
e−C˜ = 1 +
K
r6
, (17)
under the condition
F−
3
2
e g3b χcf−
1
2 h−d = 1. (18)
Similarly, the membrane field equation (14) yields the condition
F−
3
2
e f−
1
2 χc = 1. (19)
The Einstein equation takes the form
RMN = κ
2(TMN − 1
9
gMNT ). (20)
The ansatz is indeed a solution to the equations of motion provided we set
F = g = h,
and, 2d = −3e = 6b. (21)
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Also of interest are the following pair of equations obtained from eq. (21) :
Rab(
√
fF e) +
3e
2
∇a∇b lnF − 3e
2
4
∇a lnF∇b lnF = 0,
∇2(e− 3e2 lnF ) = 0. (22)
Here Rab(
√
fF e) denotes the Ricci tensor components for the conformal metric gab =√
fF eδab. Now, for two such metrics related by a conformal transformation, it follows
from the standard rules [ see appendix D, [25] ]
Rab = −1
4
(
f , c
f
) , c g˜ab − e
2
(
F , c
F
) , c g˜ab,
and,
R = − 1√
f F e
[
1
2
(
f , c
f
) , c + e (
F , c
F
) , c ]. (23)
Eq. (23) may be contracted to yield
R − 3e
2
√
f
1
F e+1
[ (
e
2
+ 1)
(F , c) (F, c)
F
− (F , c) , c ] = 0. (24)
Again, defining φ = 3e
2
lnF , we can rewrite eq. (22) as:
Rab(
√
fF e) +∇a∇bφ− 1
3
∇aφ∇bφ = 0,
∇2 e−φ = 0.
The above equations match with the equations obtained from the following two di-
mensional dilaton gravity action [26] provided k = −1
2
and the cosmological term λ
is set to zero.
S = −
∫
M
√
g e−2φ[R +
8k
k − 1 (∇φ)
2 + λ2] − 2
∫
∂M
e−2φK,
where K is the trace of the second fundamental form, ∂M is the boundary of M and
k is a parameter taking values |k| ≤ 1.
A necessary condition that the ansatz satisfies the supergravity equations of motion
in eleven dimensions is :
F,ab
F
+ (d− 1)F,aF,b
F 2
− 1
4
1
Ff
(f,aF,b + f,bF,a − f,cF,c δab) = 0, (a)
F,aa + (4b+
e
2
− 1) F,a
2
F
= 0. (b) (25)
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Finally, using (17) and (21) in (16), one gets the metric and the three form as :
ds211 = (F
d +
K
r˜6
)−
2
3 [−(dx0)2 +
√
f (dxa)2]
+ (F d +
K
r˜6
)
1
3 (dym)2,
Aµνρ = ± 13g ǫµνρ(F
d +
K
r˜6
)−1
√
f. (26)
We now go on to solve explicitly for f(= g = h) and F in order to construct various
brane solutions.
3 Time dependent solutions
To introduce time dependence into our solution, we perform a double analytic con-
tinuation with
x0 → ix2,
x2 → −ixo,
reducing the metric and the three-form in (26) to the following forms :
ds211 = (F
d +
K
r˜6
)−
2
3 [−
√
f (dx0)2 +
√
f (dx1)2 + (dx2)2]
+ (F d +
K
r˜6
)
1
3 (dym)2,
Aµνρ = ±( 13g ǫµνρ) (F
d +
K
r˜6
)−1
√
f. (27)
We note in this context that as the two coordinates x0 and x2 involved in the analytic
continuation both belong to the worldvolume directions, the reality of the metric and
the three-form field is still maintained. This would, however, not be the case if one
of the coordinates was longitudinal and the other, transverse. Furthermore, f (=
g = h),χ, and, F , which were earlier functions of x1 and x2, now become functions of
x0 and x1. And, in a purely time-dependent situation, we can take them all to be
functions of x0 only.
Next, we give an explicit solution of (25) with a view to obtaining a time-dependent
brane solution. The general index structure of (25) allows us to reduce, in the time-
dependent case, eq. (25) to :
F¨ + (d− 1)F˙
2
F
= 0. (28)
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Now, to solve this2, we propose :
F = ez. (29)
This, when substituted in (28), yields,
z¨ + d z˙2 = 0. (30)
The above equation is then solved for z and the solution is substituted back in (29)
to obtain the following solution for F :
F = F0 ( d t− c)
1
d˜ , (31)
where F0 and c are integration constants.
It now remains to determine the unknown function f in (27). In a purely time
dependent situation, (24) is further simplified, by using (28) and (21), to,
R− 2
3
d2
1√
f F e
F 2,t
F 2
= 0. (32)
Using (23), (21), and (28) in (32), one can, then, readily show that the solution for f
is :
f = B eat, (33)
where a and B are integration constants.
Finally, using (31) and (33) we can now recast (27) into the form :
ds211 = (F
d
0 (d t− c) +
K
r˜6
)−
2
3 [−B 12 eat2 (dt)2 +B 12 eat2 (dx1)2 + (dx2)2]
+ (F d0 (d t− c) +
K
r˜6
)
1
3 (dym)2,
Aµνρ = ±( 13g ǫµνρ) (F
d
0 (d t− c) +
K
r˜6
)−1 B
1
2 e
at
2 . (34)
The relationship with the flat-brane solution is thus implied through a replacement of
the constant part of the Green’s function in (17) by a time dependent one. Eq. (34)
can, however, be also expressed in the following simpler form :
ds211 = (t˜+
K˜
r˜6
)−
2
3 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜2)2]
+ (t˜+
K˜
r˜6
)
1
3 (dy˜m)2,
A˜012 = ±M (t˜+ K˜
r˜6
)−1 ea˜t˜, (35)
2originating from a suggestion by S.Mukherji
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where we have made use of the following substitutions in order to get rid of the
redundant parameters contained in (34) :
K˜ =
K
F d0
; a˜ =
a
2d
; K0 = F
−
2d
3
0 B
1
2 e
ac
2d d−2 ; M = F
−
d
3
0 B
1
4 e
ac
4d d−1 ;
t˜ = d t− c ; x˜1 = F−
d
3
0 B
1
4 e
ac
4d x1 ; x˜2 = F
−
d
3
0 x
2 ; y˜m = F
d
6
0 y
m. (36)
Eq. (34), or its counterpart in the re-scaled variables, eq. (35), constitutes one of our
main results as it gives us an exact time dependent M2 brane solution of 11-d su-
pergravity equations of motion. The two forms of the solution, nonetheless, enjoy
different properties (for the choice of c = −1, d = 0), and so we retain them both.
Now, to understand the properties of such a brane solution, one needs to analyze
geometric quantities such as curvature and other field strengths. However, owing to
the complexity of the above solution, we study it analytically in its asymptotic and
near-horizon limits only.
(a) Asymptotic limit : r˜ →∞: In this limit the soln. (34) goes to :
ds211 = (F
d
0 (d t− c))−
2
3 [−B 12 eat2 (dt)2 +B 12 eat2 (dx1)2 + (dx2)2]
+ (F d0 (d t− c))
1
3 (dym)2,
Aµνρ = ±( 13g ǫµνρ) (F
d
0 (d t− c))−1 B
1
2 e
at
2 . (37)
It follows from (35) that the same limit, in terms of the re-scaled varibles introduced
in (36), reads as :
ds211 = t˜
−
2
3 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜2)2] + t˜ 13 (dy˜m)2,
A˜012 = ±M t˜−1 ea˜t˜, (38)
where M is as defined in (36).
The Ricci scalar curvature for the above background is zero (R = 0), and R2(≡
RµνRµν) is:
R2 = N e−2a˜t˜ t˜−
2
3 , (39)
where N = a˜
2
2K2
0
. This shows that the background has a space-like singularity at
t˜ = 0. The singularity, however, merits closer attention and, to that end, we proceed
as follows.
The geodesic equation for the metric described by (38) gives
d2t˜
dλ2
+ Γt˜t˜ t˜ (
dt˜
dλ
)2 +
10∑
i=1
Γt˜x˜i x˜i (
dx˜i
dλ
)2 = 0 , Γt˜t˜ t˜ = (
a˜
2
− 1
3 t˜
) (a)
9
d2x˜i
dλ2
+ Γx˜
i
t˜ x˜i (
dt˜
dλ
) (
dx˜i
dλ
) = 0 , (b) (40)
where λ is the affine parameter for the geodesic. Since (dx˜
i
dλ
) = 0 is a solution for
eq. (40 b), we make use of it in eq. (40 a) to obtain
d2t˜
dλ2
+ Γt˜t˜ t˜ (
dt˜
dλ
)2 = 0. (41)
To solve (41) we introduce the auxiliary functions y(t˜) and p′(t˜) such that,
y(t˜) ≡ dt˜
dλ
,
and, p′(t˜) ≡ a˜
2
− 1
3 t˜
. (42)
Eq. (41), when expressed in terms of the above functions, becomes
dy
dλ
+ p′(t˜) y2 = 0. (43)
Next, we solve (43) to obtain the following expression for λ in terms of p(t˜) :
λ = const
∫
ep(t˜) dt˜. (44)
En route to (44) we also obtain the following intermediate step which we record here
for use in the calculation of gauge invariant curvature below :
y(t˜) ≡ dt˜
dλ
= const e−p. (45)
Again, it follows from (42) that the solution for p(t˜) is
p(t˜) =
a˜ t
2
+ ln t˜−
1
3 + const. (46)
With the explicit expression for p(t˜) obtained above, (44) can now be integrated, by
expanding e
a˜ t
2 in a series, to obtain :
λ = const
∞∑
n=0
1
n!
(
a˜
2
)n
3
3n+ 2
t˜
3n+2
3 + const. (47)
The above series converges for t˜ ≥ 0 and the appearance of the two integration
constants on the r.h.s. of (47) is a consequence of the second order nature of (41).
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Now, the gauge invariant curvature defined along the geodesic is
Rλλ(λ) ≡ Rµν dx
µ
dλ
dxν
dλ
= R00 (
d t˜
dλ
)2, where R00 = − a˜
2 t˜
,
= const(− a˜
2 t˜
) e−2 p(t˜),
= const
e−a˜ t˜
t˜
1
3
, (48)
where we have made use of (45, 46). This blows up at t˜ = 0, as does R2 (39), and (47)
shows that the corresponding value of λ is finite. The spacetime, therefore, is singular
as it has a curvature singularity at finite affine parameter, making it geodesically
incomplete. The background (38) is, thus, cosmological and the full solution (34/35)
can be interpreted as an M2 brane in such a cosmological background. Furthermore,
our background (38) can also be re-written in terms of scale factors ai(t)’s as in [28]
and it will be interesting to see what kind of universe this leads to. We, however, at
this stage, leave the exercise of finding the ai(t)’s explicitly.
On the other hand, for d = 0, c = −1, the asymptotic limit of the full solution
(eq. 37) becomes :
ds211 = [−B
1
2 e
at
2 (dt)2 +B
1
2 e
at
2 (dx1)2 + (dx2)2] + (dym)2,
Aµνρ = ±( 13g ǫµνρ) B
1
2 e
at
2 . (49)
Now, with a coordinate transformation of the form
t˜ =
4
a
B
1
4 e
at
4 ,
eq. (49) reduces to :
ds211 = [−(dt˜)2 + (
a
4
)2(t˜)2(dx1)2] + (dx2)2 + (dym)2,
A˜012 = ± (a
4
) t˜. (50)
The spacetime described by (50) can be looked upon as a direct product of a d − 1
dimensional flat Euclidean space Rd−1 with a two dimensional spacetime Mc ( i.e
Rd−1 × Mc ), with the line element
ds22 = −(dt˜)2 + (
a
4
)2(t˜)2(dx1)2.
Alternatively, if we re-express the metric in terms of Minkowski light-cone coordinates
x± =
1√
2
t˜ e±
a
4
x1,
11
such that
ds211 = −2 dx+ dx− + (dx2)2 + (dym)2,
A′+−2 = ∓1, (51)
then the above expression shows that Mc is flat with a constant 3-form.
Now, if we allow the identification x1 ∼ x1 + 2π, Mc essentially becomes what
is known as the Milne spacetime. The Milne spacetime consists of a circle with a
time-dependent radius. As t runs from −∞ to ∞, the Milne universe starts out with
an infinite radius, shrinks away, and, then, grows once more. The instant t = 0, thus,
corresponds to a big crunch / big bang like singularity. Away from t = 0, the metric
is locally flat and it has a curvature singularity at t = 0, unless a
4
equals a positive
integer. The identification x1 ∼ x1 + 2π implies the following identification for the
light-cone coordinate :
x± ∼ e± 2piγ x±.
We can, therefore, define Milne space as a two-dimensional Minkowski space with
identification through Lorentz boost. Strings in such backgrounds have been studied
in [29–35].
(b) Near-horizon limit : r˜ → 0 : In this case the soln. (eq. 35) yields
ds211 = K˜
−
2
3 r˜4 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜2)2] + K˜ 13 r˜−2 (dy˜m)2,
Aµνρ = ±(M3g ǫµνρ) K˜
−1 r˜6 ea˜t˜. (52)
For a˜ = 0, the near-horizon geometry of the M2-brane is seen to be pure AdS4 × S7.
And, for a˜ 6= 0, the AdS boundary
ds2boundary = [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜2)2]
can be attributed a Milne × R structure by introducing transformations and iden-
tifications in the spirit of the preceding discussion. The full solution (35), therefore,
interpolates smoothly between an AdS4×S7 space with a cosmological boundary and
a time dependent, cosmological background at infinity (38).
We now perform a simultaneous dimensional reduction of spacetime and world-
volume to reduce our brane solution in eleven-dimensional supergravity to a string
solution in type-IIA theory by identifying the eleventh spacetime dimension with the
12
third dimension i.e. the x2 direction of the worldvolume and, then, by compactifying
it on a circle while simultaneously discarding the massive modes. We do this by fol-
lowing the dictionary for dimensional reduction given in [27].
Let us make the following ten-one split and denote all D = 11 variables by a carat.
xˆaˆ = ( xM , x2), M = 0, 1, 3, ......., 10, aˆ = 0, 1, 2, 3, ......., 10. The ten-dimensional
fields, when expressed in terms of the eleven-dimensional ones, are as follows :
gMN = ( gˆ2ˆ2ˆ )
1
2 ( gˆMˆNˆ − gˆMˆ 2ˆ gˆNˆ 2ˆ/ gˆ2ˆ2ˆ)
B
(1)
MN =
3
2
AˆMˆNˆ 2ˆ ,
AMNP = AˆMˆNˆPˆ ,
A
(1)
M =
gˆMˆ 2ˆ
gˆ2ˆ 2ˆ
,
φ =
3
4
log ( gˆ2ˆ2ˆ ) . (53)
Following the above prescription, we write down the D = 10 solution from the corre-
sponding expression for D = 11 (eq. 35) :
ds210 = (t˜+
K˜
r˜6
)−1 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2] + (dy˜m)2,
B
(1)
01 = ±
3
2
M (t˜ +
K˜
r˜6
)−1 ea˜t˜,
φ = −1
2
log[ (t˜+
K˜
r˜6
) ]. (54)
The asymptotic limit of the above solution is :
ds210 = t˜
−1 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2] + (dy˜m)2,
B
(1)
01 = ±
3
2
M t˜−1 ea˜t˜,
φ = −1
2
log[ t˜ ]. (55)
The solution (54) can be interpreted as an F-string in a time dependent background
(55).
Now, by an S-duality transformation of type-IIB theory [36] :
φ → φ′ = − φ,
B(1)µν → B(2)µν ,
B(2)µν → −B(1)µν , (56)
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where the superscripts ‘(1)’ and ‘(2)’ in (56) refer to the NS-NS and the R-R fields
respectively, one obtains the D-string solution in a time dependent background :
ds210 = (t˜+
K˜
r˜6
)−
1
2 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2] + (t˜+ K˜
r˜6
)
1
2 (dy˜m)2,
B
(1)
01 = 0,
B
(2)
01 = ±
3
2
M (t˜+
K˜
r˜6
)−1 ea˜t˜,
φ =
1
2
log[ (t˜+
K˜
r˜6
) ]. (57)
This may now serve as a starting point to generate other time dependent D-brane
solutions; for example, one can obtain a D3 brane solution by applying two successive
T-duality transformations along, say, x3 and x4 directions respectively [37], to obtain:
ds210 = (t˜ +
K˜
r˜4
)−
1
2 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜3)2 + (dx˜4)2]
+ (t˜+
K˜
r˜4
)
1
2 (dy˜m)2,
A
+(4)
0134 = ±
3
2
M (t˜+
K˜
r˜4
)−1 ea˜t˜,
φ = 0. (58)
The asymptotic and the near-horizon limits now are :
(a) Asymptotic limit : r˜ →∞ :
ds210 = t˜
−
1
2 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜3)2 + (dx˜4)2] + t˜ 12 (dy˜m)2,
A
+(4)
0134 = ±
3
2
M t˜−1 ea˜t˜,
φ = 0. (59)
As before, to explore the nature of curvature of this background, we compute the
following:
R = 0,
R2(≡ RµνRµν) = N e−2a˜t˜ t˜−1. (60)
Thus, like its counterpart in the 11-d theory, this background too is cosmological
because it has a space-like singularity at t˜ = 0 and can be shown to be geodesically
incomplete.
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(b) Near-horizon limit : r˜ → 0 :
ds210 = K˜
−
1
2 r˜2 [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜3)2 + (dx˜4)2] + K˜ 12 r˜−2 (dy˜m)2,
A
+(4)
0134 = ±
3
2
M K˜−1 r˜4 ea˜t˜,
φ = 0. (61)
We now make the following observations :
1. Eq. (61) corresponds to an AdS5×S5 with a cosmological boundary. The boundary
metric for the AdS space
ds2boundary = [−K0 ea˜t˜ (dt˜)2 + ea˜t˜ (dx˜1)2 + (dx˜3)2 + (dx˜4)2]
is identified, by transformations and identifications very similar to the ones following
eq.(49), with Milne × R2.
2. For a˜ = 0, the near-horizon limit (61) of the full metric (58) is pure AdS5 ×
S5 whereas the asymptotic counterpart (59) of the same (58) is time dependent.
We, therefore, see that the near-horizon geometry is insensitive to the asymptotic
structure.
3. The full solution (58) interpolates between an AdS5 × S5 at the horizon and a
cosmological background (59) at infinity.
Finally, as an aside, we solve, in a similar fashion, the reduced eqs.of motion (25)
where f(= g = h), χ, andF are all functions of a worldvolume spatial coordinate,
z (≡ x2), instead of time t. Then, by substituting the solutions for f andF into (26),
we can write down a space-depedent solution
ds211 = (F
d
0 (d z − c) +
K
r˜6
)−
2
3 [−(dt)2 +B 12 eaz2 (dx1)2 +B 12 eaz2 (dz)2]
+ (F d0 (d z − c) +
K
r˜6
)
1
3 (dym)2,
Aµνρ = ±( 13g ǫµνρ) (F
d
0 (d z − c) +
K
r˜6
)−1 B
1
2 e
az
2 , (62)
the asymptotic limit of which is
ds211 = (F
d
0 (d z − c))−
2
3 [−(dt)2 +B 12 eaz2 (dx1)2 +B 12 eaz2 (dz)2]
+ (F d0 (d z − c))
1
3 (dym)2,
Aµνρ = ±( 13g ǫµνρ) (F
d
0 (d z − c))−1 B
1
2 e
az
2 . (63)
As in the time-dependent case, this background too may be shown to be Ricci flat
with a time-like singularity, manifested through a singular R2(≡ RµνRµν) at z = 0.
Thus, we have a class of static, singular space-dependent solutions.
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4 Summary and discussion
To summarize, we have constructed time-dependent solutions in eleven dimensional
supergravity and in type-II string theories, followed by an analysis of these solutions
in their asymptotic and near-horizon limits. Although in this paper we have not
attempted to understand the full solutions, the complexity of their structure, however,
is likely to make the effort a rewarding one. The near-horizon limits of our time
dependent solutions exhibit an AdSn× S(d+1−n), (n = 4, 5; d = 10, 9) structure with
a Milne × Rp, ( p = 1, 2) boundary and their asymptotic counterparts provide us
with examples of singular, cosmological backgrounds. The full solutions, therefore,
can be looked upon as time dependent branes in such cosmological backgrounds. As
a possible extension of our work, we suggest performing, in the near-horizon limit,
a complimentary gauge theory study on the boundary to gain more insight into the
AdS bulk. One can, furthermore, study the propagation of strings and branes as
probes in such singular backgrounds with the hope of “resolving” the singularities,
or, at least, shedding more light on them. An understanding of the general structure
of intersecting time dependent brane configurations may also prove to be worthwhile.
Finally, one can similarly construct null solutions and study them in reference to pp
waves and defect CFT’s.
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